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Abstract—Math word problem (MWP) serves as a critical mile-
stone for assessing the text mining ability and knowledge mas-
tery level of models. Recent advancements have witnessed large
language models (LLMs) showcasing remarkable performance on
MWP. However, current LLMs still frequently exhibit logical er-
rors, which highlights their inability to fully grasp the knowledge
required for genuine step-by-step mathematical reasoning. To this
end, in this paper, we propose a novel Knowledge-guided Solver
(KNOS) framework that empowers LLMs to simulate human
mathematical reasoning, whose core idea is to Invoke-Verify-Inject
necessary knowledge to solve MWP. We draw inspiration from
the dual-process theory to construct two cooperative systems: a
Knowledge System and an Inference System. Specifically, the Knowl-
edge System employs LLMs as the knowledge base and develops a
novel knowledge invoker that can elicit their relevant knowledge
to support the strict step-level mathematical reasoning. In the
Inference System, we propose a knowledge verifier and a knowledge
injector to evaluate the knowledge rationality and further guide
the step-wise symbolic deduction in an interpretable manner based
on human cognitive mechanism, respectively. Moreover, to tackle
the potential scarcity issue of mathematics-specific knowledge in
LLMs, we consider an open-book exam scenario and propose
an improved version of KNOS called EKNOS. In EKNOS, we
meticulously design knowledge selectors to extract the most relevant
commonsense and math formulas from external knowledge sources
for each reasoning step. This knowledge is utilized to assist the
knowledge invoker in better stimulating LLMs’ reasoning abili-
ties. Both KNOS and EKNOS are flexible to empower different
LLMs. Our experiments with GPT3, ChatGPT, and GPT4 not only
demonstrate their reasoning accuracy improvement but also show
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how they bring the strict step-wise interpretability of mathematical
thinking.

Index Terms—Knowledge reasoning, math word problem, large
language model.

I. INTRODUCTION

MATHEMATICAL problems represent a highly abstract
and symbolic type of data. Automatically solving these

problems requires models to thoroughly mine information from
the problem text and possess the necessary mathematical knowl-
edge, which therefore has garnered increasing attention in the
field of data mining [1]. Specifically, researchers have devel-
oped various tasks for different types of mathematical prob-
lems, such as math word problem, geometry problem, theo-
rem proving, etc. [2], [3], [4], [5]. Especially, the recent large
language models (LLMs) such as GPT3 [6], ChatGPT,1 and
GPT4 [7] have demonstrated a noteworthy level of mathematical
problem-solving ability [8]. Elicited by methods such as Chain-
of-Thought (CoT) [9], they also exhibit potential to perform
intricate and step-by-step reasoning.

Nevertheless, behind these successes, numerous studies have
indicated that the current LLMs are still prone to exhibit logical
errors when solving problems [10], [11], [12], [13]. They often
generate content that is not grounded in the context of arith-
metics, even within a reasoning chain [14], [15]. For instance,
on widely-used benchmarks like MATH [16], MathBench [17],
and SciBench [18], GPT4 and ChatGPT consistently fall be-
low 80% and 50% accuracy, respectively. Similarly, on the
challenging STREET benchmark [12] that demands structured,
step-by-step reasoning for problems spanning over 15 steps,
the accuracy of GPT3’s logical graph remains under 20%. Our
experiments in Section VI-B also observe error rates from 5.9%
to 81.9% for GPT3, ChatGPT, and GPT4 on Math23K [2]
and MAWPS [19] datasets. In Fig. 1, we take the basic math
word problem (MWP) [1] as a more concrete example. This
problem requires a model to read the sentence “Allyson plays...
one season?” and then derive a mathematical formal expression
“2× 10× (10− 1)÷ 2” to get the answer “90”. However, even
for such a simple problem, ChatGPT, a sophisticated model with
175 billion parameters, responds with an erroneous solution
“Each team... 180 ”. This propensity for mistakes on problems
at such an elementary school level raises legitimate concerns:

1https://openai.com/blog/chatgpt/.
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Fig. 1. Example of LLMs’ and human mathematical reasoning process on Math Word Problem (MWP).

Have LLMs genuinely mastered mathematical reasoning abil-
ity [8]?

The cause for such errors is that the problem-solving process
of current LLMs is not aligned with the knowledge-centered
reasoning process of humans. Specifically, epistemological the-
ories [20], [21] have revealed that humans generally perform
step-wise reasoning. This process is essentially condensed into
the formation of abstract mathematical expressions, where each
step relies on necessary knowledge to guide logical and grounded
thinking. Take Fig. 1 as an example, when reasoning the symbol
“÷”, humans may first invoke essential knowledge (e.g., for-
mulas for calculating combinations) in their mind. Then, they
verify the rationality of the invoked knowledge and keep the
relevant ones (e.g., formula “C2

n = n×(n−1)
2 ” [22]). Based on

this, they ultimately inject the knowledge into specific symbol
derivation (“÷2”). In comparison, as indicated in the literature,
although CoT could help guide LLMs through multiple steps,
LLMs still work as a black box, whose knowledge and cor-
responding application are implicitly mixed in the continuous
token prediction [23]. This process lacks control and thus suffers
from the risks of errors and defects (e.g., ChatGPT lacks the
utilization of the formula in Fig. 1).

The reasoning errors of LLMs, coupled with their inability
to explain their answers, undermine their trustworthiness and
hinder their applications. To address this limitation of current
LLMs and potentially enhance their reasoning capacity, in this
paper, we aim to investigate two research questions: Q1.) Have
LLMs mastered mathematical knowledge? and Q2.) Can LLMs
adequately apply their knowledge to perform human-like rea-
soning? To answer these questions, we explore the potential
of utilizing LLMs to simulate the cognitive process of how
humans Invoke-Verify-Inject knowledge for conducting math-
ematical reasoning. However, many challenges remain to be
tackled. First, reasoning on different steps may require different
knowledge. For example, in Fig. 1, reasoning “2×” requires the
commonsense knowledge of “twice”, but reasoning “÷” requires
math formula “C2

n = n×(n−1)
2 ”. It is challenging to mimic this

precise step-wise knowledge invocation for LLMs. Second, the
elicitation of LLMs’ implicit knowledge may be very prone to

hallucination [8], [15]. Therefore, the evaluation of the quality of
invoked knowledge is necessary, yet it remains underexplored.
Third, for knowledge injection, the reasoning process of LLMs
is continuous natural language generation in essence, which is
different from genuine reasoning steps in the mathematical sense
(even for CoT). Consequently, the knowledge is hard to guide
LLMs’ reasoning pathways to exert its effect in full efficiency.

To address the above challenges, in this paper, we propose
a novel Knowledge-guided Solver (KNOS) framework that
employs LLMs to realize the human reasoning process for MWP
solving. We draw insight from the dual process theory [24],
[25] that elaborates human cognitive structure to construct two
cooperative systems: Knowledge System and Inference System.
Knowledge System plays the role of human brain that stores
and provides knowledge, and the Inference System analytically
applies this knowledge to reason the answer symbol by
symbol. Specifically, in Knowledge System, we utilize LLMs as
knowledge bases and design a knowledge invoker to elicit their
knowledge at strict mathematical step level, which can provide
the most relevant knowledge for each step. In Inference System,
we first devise a knowledge verifier to evaluate knowledge
rationality according to intermediate reasoning states. Then,
we develop a knowledge injector inspired by dual mechanism
of human cognition [26] to integrate it into specific symbol
derivation.

KNOS relies entirely on the knowledge within the large
models themselves, analogous to a student taking a closed-
book exam. Moreover, considering that a LLM’s mathematical
knowledge may be limited by its own training data (e.g., GPT3
and ChatGPT may has not learned math-specific knowledge
like combination formula in Fig. 1), we further extend KNOS
to EKNOS that simulates an open-book scenario of student
taking exams in real life. Specifically, we offer two types of
external knowledge sources including commonsense knowledge
and math formulas in Knowledge System. For these knowledge,
we propose elaborate knowledge selectors to extract the most
relevant ones during each reasoning step. Then we incorporate
them in knowledge invoker to elicit more comprehensive knowl-
edge of LLMs, consequently enhancing the validity of each step.
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Our KNOS and EKNOS are general frameworks that can
empower different LLMs. Experiments with the most represen-
tative GPT3, ChatGPT, and GPT4 on two datasets verify their
improvements on answer accuracy and the effectiveness in mas-
tering knowledge for mathematical reasoning. The contributions
of this paper are:
� We draw insight from dual process theory to propose

a Knowledge-guided Solver (KNOS) framework and an
extended EKNOS framework, both of which are general to
empower existing LLMs with human-like knowledge ap-
plication for conducting reliable mathematical reasoning.

� We design novel methods to invoke, verify, and inject
knowledge of LLMs and leverage open-book external
knowledge at step-level in strict mathematical sense, which
can more effectively exert the guidance of knowledge to
LLMs’ reasoning process.

� We conduct experiments with three representative LLMs
and compare with current LLM-enhanced methods. The re-
sults clearly demonstrate the effectiveness and superiority
of our frameworks.

This paper is organized as follows. In Section II, we review
existing works related to Math Word Problem (MWP) and
Large Language Models (LLM). Then, we give the problem
definition in Section III. In Section IV, we introduce our KNOS
framework, detailing its two main structures: Knowledge System
and Inference System in Sections IV-A and IV-B, respectively.
In Section IV-A, we describe the knowledge invoker, and in
Section IV-B, we elaborate on the knowledge verifier and
injector. Then, in Section V, we present the extended EKNOS
framework. Finally, we conduct experiments to validate our
frameworks in Section VI, discuss future research and conclude
the paper in Section VII.

II. RELATED WORK

Math Word Problem: Mathematical problem solving is a
key data mining task in exploring how models can acquire
human-like text understanding, knowledge discovery, and logi-
cal reasoning from data [1]. Among these, math word problem
(MWP) is a critical and fundamental branch, which has received
extensive attention since the 1960s [27]. Due to the well-defined
logic behind MWP, it provides excellent opportunities for study-
ing and improving the reasoning capacity of LLMs, which we
leverage in our work. Early work on MWP mainly focused on
using human-designed rules, templates, and programs [28]. In
recent years, inspired by language translation, methods using
deep neural networks have been continuously developed. For
example, Wang et al. [2] first proposed DNS to directly translate
problems into mathematical expressions. Based on this, subse-
quent work has focused partly on enriching the model’s semantic
knowledge [29], [30], [31] and partly on mastering knowledge of
specific reasoning patterns [32], [33], [34]. In the former, Zhang
et al. [29] proposed Graph2Tree to strengthen understanding of
relationships between numbers and words, while Wu et al. [30]
introduced concrete encoding of the numbers. Besides, pre-
trained language models including BERT [31], RoBERTA [35]
and BART [36] have also been used to lay a semantic foundation

for reasoning. In the latter, Xie et al. [32] proposed Seq2Tree
that grasped a top-down decomposition reasoning pattern, while
Jie et al. [35] proposed DEDUCT-REASONER that inferred and
combined sub-expressions in a bottom-up manner. Besides, Liu
et al. [22] and Yang et al. [37] introduced math formulas, which
devised elaborate formula-guided reasoning mechanisms and
formula prompt for problems, respectively. Concerning LLMs,
research mainly focused on how to use them (e.g., GPT-J) to gen-
erate natural language descriptions of the reasoning process [38],
reasoning paths [39], or to generate a piece of code to solve the
problem [40].

Large Language Models: Recently, large language models
(LLMs) like ChatGPT have made significant progress in various
data mining tasks [8], [41], [42], and there has been a lot of
work on enhancing their mathematical reasoning ability. Wei et
al. [9] first introduced Chain-of-Thought (CoT), which requires
LLMs to deduce answers step by step. Kojima et al. [43]
discovered that a simple prompt “Let’s think step by step” can
be used in CoT to further improve accuracy and interpretability.
Subsequent researchers developed diverse structures to orga-
nize the reasoning paths of large models, such as tree [44],
graph [45], and program [46]. For decoding strategies, Wang et
al. [47] proposed Self-Consistency to reduce the randomness of
greedy decoding by majority voting. Zhang et al. [48] proposed
Cumulative Reasoning, which decomposed tasks into smaller
components to conduct collaborative reasoning. Besides, many
works improved LLMs’ reasoning capabilities from data and
fine-tuning. For example, Minerva [49] is an improved version
of Google’s PaLM by fine-tuning on mathematical formula data,
while Lightman et al. [50] designed the Process-Supervised
Model that is optimized from the reasoning steps, not just
the final answer. To address the issue of lacking up-to-date
knowledge and further enhance LLMs’ reasoning ability, a re-
cent technique involved using Retrieval-Augmented Generation
(RAG) [51]. This method supplemented LLMs by retrieving
relevant documents from external information resources. Future
advancements in this technique focused either on designing
different retrieval methods, such as using sparse [52], [53] or
dense [54], [55] retrieval, or on employing various strategies
to integrate the retrieved content into the model’s generation
process, such as integrating at LLMs’ input layer [53], output
layer [56], [57], or intermediate layers [58].

Our work improves previous studies from the following three
aspects. First, to the best of our knowledge, we are the first that
draw insights from dual process theory to make LLMs simulate
human knowledge application process for solving math word
problems, where we explore and prove that explicit introduction
of knowledge is essential for improving the reasoning ability
of LLMs. Second, compared with the recent work [39] that
is also inspired by dual process theory, our frameworks focus
on explicitly invoking, verifying, and injecting knowledge into
LLMs’ reasoning process, which are more in line with human
cognition and can reduce hallucinations. Besides, our frame-
works are general enough to empower different LLMs without
finetuning, and thus has better generality and efficiency. Last but
not least, compared with existing methods that infuse knowledge
into LLMs (e.g., RAG), our frameworks inject knowledge at
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Fig. 2. Overview of our KNOS and EKNOS frameworks. The red line indicates external knowledge enhancement in EKNOS.

TABLE I
MAIN MATHEMATICAL NOTATIONS

single symbol-level step with better mathematical significance,
so our knowledge can control LLMs’ reasoning process more
accurately and effectively.

III. PROBLEM DEFINITION

Table I summarizes the main notations used in this paper.
Formally, the input of a math word problem P is a sequence of
n tokens:XP = [x1, x2, . . ., xn], where xi is either a word (e.g.,
“Allyson”, “plays” in Fig. 2) or a number (e.g., “10”, “2”). The
output is an expression of m symbols: YP = [y1, y2, . . ., ym]
that can be calculated to obtain a number aP (e.g., “90”) as the
final answer.

Especially, to avoid the redundancy of parentheses and to
ensure that the expression is computable, most current work
targets at generating an expression tree (Fig. 2) and outputs
its prefix expression as YP (e.g., [×, 2,÷,×, 10,−, 10, 1, 2]).
Each symbol y in YP is taken from a vocabulary VP composed
of the operator set VO (e.g., {+,−,×,÷}), numeric constant
set NC (e.g., 1, π), and numeric values NP in XP , i.e., VP =
VO ∪NC ∪NP . AsNP varies withXP , different problems may
have different VP .

IV. KNOS: KNOWLEDGE GUIDED SOLVER

In this section, we introduce our basic Knowledge-guided
Solver (KNOS) framework that empowers large language mod-
els (LLMs) to simulate how humans Invoke-Verify-Inject knowl-
edge to conduct reasoning. Specifically, dual process theory
states that the structure of human cognition consists of two

systems [24], [25]. System 1 is responsible for providing in-
formation such as knowledge quickly and heuristically, while
System 2 slowly and analytically applies the knowledge to
achieve logical and reliable reasoning.

Drawing this insight, as shown in Fig. 2, we construct two
systems in KNOS: Knowledge System and Inference System,
which simulate the functions of System 1 and System 2 re-
spectively. Given problem P , they interact continuously to
reason expression YP . To be specific, at each reasoning step t
(t = 1, 2, . . .,m), the Knowledge System invokes the necessary
knowledge Kt for single-step inference based on the expression
already generated by the Inference System. Then, the Inference
System verifies Kt and injects it to deduce symbol yt. The
derived yt is then sent back to Knowledge System to obtain
knowledge Kt+1 to support the next step t+ 1. We will detail
these two systems below.

A. Knowledge System

The main function of Knowledge System is to be a knowledge
provider [59], so as shown in Fig. 2, it contains a knowledge
base and a knowledge invoker. Since LLMs have been verified
to remember a lot of knowledge from their training data in the
parameters [8], here we adopt a frozen LLM as the knowledge
base. For generality, it can be implemented with GPT3, Chat-
GPT, GPT4, etc.

Given the knowledge base, at each step t, the knowledge in-
voker elicits the knowledge Kt needed for single-step reasoning
according to the problem sentence XP and the generated par-
tial expression Y t

P � [y1, y2, . . ., yt−1]. Compared with existing
works [9], [44], [45], [46] that allow LLMs to express knowl-
edge freely throughout the entire reasoning process, we elicit
knowledge from LLMs in a single step with strict mathematical
significance, i.e., one symbol inYP corresponds to one reasoning
step. Therefore, our method can enhance the pertinence of the
knowledge and thus improves the accuracy of reasoning more
efficiently, as well as enabling better interpretability.

Specifically, since the knowledge of the LLM is implicitly en-
coded in its parameters, the invoker elicits knowledge indirectly
by having it reason the current step t. We design a text prompt
that inputs the problem XP and the expression Y t

P and asks for
completing one step for the target prefix expression YP :

Kt ← LLM(Prompt(XP ; Y
t
P )). (1)
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Fig. 3. Prompt in (1) for GPTs at reasoning step t in KNOS’ knowledge
invoker.

The textual response from the LLM is denoted as knowledge
Kt that will be provided for the Inference System (e.g., “To
complete the... of teams.” in Fig. 2(a)). For illustration, we show
our prompt for GPTs (GPT3, ChatGPT, GPT4) in Fig. 3. To
promote explainability, we also let the LLM give reasons to
explain its output. We present two detailed examples that contain
Kt and the corresponding response for each step t ∈ {1, . . .,m}
in Appendix 1, available online.

B. Inference System

Inference System is responsible for applying the knowledge
from Knowledge System to reason the expression YP . Here we
aim to design a general framework that can benefit existing
solvers, rather than proposing a specific model structure. There-
fore, as depicted in Fig. 2, we first unify existing solvers into
a “backbone solver”. Then we contribute a knowledge verifier
and a knowledge injector. Backbone solver encodes the problem
XP and controls the overall reasoning process for YP along
a step-by-step symbol generation manner. At each step t, our
knowledge verifier evaluates the rationality of the knowledgeKt

generated by the Knowledge System and keeps the relevant ones.
Then, the knowledge injector integrates the retained knowledge
to backbone solver to deriveyt. In the following, we will describe
these three components in turn.

1) Backbone Solver: Given problem P , the backbone solver
first encodes the problem sentenceXP into word representations
H = [h1,h2, . . .,hn] and generates an initial reasoning states1:

(H ∈ Rn×d, s1 ∈ Rd) = Enc([xi, i = 1, 2, . . ., n]). (2)

Enc(·) can be implemented with different networks, ranging
from RNN, pre-trained language models, MWP encoder, to
LLMs [29], [32], [38], [60]. Then, the backbone solver derives
expression YP step by step. At step t, it first predicts a symbol
yt based on the current reasoning state st and then generates the
next reasoning state st+1:

P (yt) = softmax(Dec1(y1, . . ., yt−1, st, options)),

st+1 = Dec2(st, e(yt), options). (3)

Networks Dec1,Dec2 vary from different MWP solvers (e.g.,
output gate and forget gate of LSTM respectively in DNS [2]).
e(yt) is the representation of yt, which equals hi if yt is a
number in NP or an additional embedding oc if yt is operator c.
options are optional terms in some solvers (e.g., context vector in
GTS [32]). Based on (3), the symbol prediction loss of backbone
solver is:

Lossp =
∑

P

∑

t

−log P (yt|y1, . . ., yt−1, P ). (4)

2) Knowledge Verifier: Now we discuss how KNOS evalu-
ates the quality of knowledgeKt invoked by Knowledge System
at each step t. In the literature [22], [44], previous studies have
found that humans can naturally judge whether the knowledge
is valuable by referring to the current reasoning state st. For
example, in Fig. 2, if the first state s1 represents “multiply
the number of unique pairs of teams by the number of games
played between each pair.”, we can easily determine that rela-
tional knowledge about “twice”-“×”, “twice”-“2” are relevant,
while “football”-“team” is true but irrelevant and thus should be
filtered to avoid redundancy.

Therefore, at step t, since Kt generated by LLM is repre-
sented as a natural language text (1), which can be denoted as
Kt = [k1t , k

2
t , . . ., k

r
t ] (length r varies at different step t), we first

encode it into an overall hidden representation kt ∈ Rd by:

Kt � [k1
t ,k

2
t , . . .,k

r
t ] = fθ([k

i
t, i = 1, 2, . . ., r]),

kt =
1

2
(k1

t + kr
t ). (5)

fθ is a textual encoder that can be implemented with BERT [60],
T5 [61], and so on. Then, we view the verification as a dichoto-
mous task and utilize st to compute the probability that Kt

contains the information needed for reasoning in this step:

score = tanh(W v1 · [st,kt] + bv1),

pt = σ(W v2 · score + bv2), (6)

where W ·, b· are parameters, [·] represents the concatenation of
vectors, and σ(·) is the sigmoid function. On this basis, if pt is
larger than a threshold ε ∈ [0, 1], the invoked knowledge Kt is
retained, otherwise it will be filtered. To optimize the parameters
in (5) and (6), the overall training objective of KNOS is:

LossKNOS = Lossp + α1 · Lossv,
Lossv = −

∑

P

∑

t

δt · log pt. (7)

Hyper-parameterα1 balances symbol prediction lossLossp and
verification loss Lossv . δt ∈ {0, 1} is the ground truth label of
whetherKt is valid (details will be explained in Section VI-A2).

3) Knowledge Injector: Finally, we introduce how to inject
the retained knowledge Kt into the backbone solver to guide the
symbol prediction. Specifically, we draw insight from the dual
mechanism of human cognition [26]. On one hand, the essential
knowledge in the textual expression Kt is often sparse. Humans
tend to focus on the most important parts of it according to
the reasoning state. On the other hand, based on the knowledge,
humans are able to find the most relevant information in the prob-
lem sentence (e.g., turn to find the number of “teams”), which
can further reduce the difficulty of reasoning. Therefore, at step
t, we capture the dual attention of reasoning state on knowledge
(denoted as kattni ) and knowledge on problem sentence (denoted
as hattn

i ):

kattni = softmax(W k1 · tanh(W k2 · [st,ki
t])),

hattn
i = softmax(W h1 · tanh(W h2 · [kt,hi])), (8)
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Then we integrate these two kinds of information into the
current reasoning state st by:

s′t = st + β1 · Σr
i=1k

attn
i · ki

t + β2 · Σn
i=1h

attn
i · hi. (9)

β1, β2 are hyper-parameters that balance the attention weights.
The updated s′t that has fused the knowledge will be ultimately
used in (3) to predict symbol yt and generate next reasoning
state st+1.

V. EKNOS: EXTERNAL KNOWLEDGE ENHANCEMENT

In KNOS, we have achieved a basic framework that uti-
lizes LLMs to simulate human cognitive processes including
knowledge invocation, verification, and injection. However, a
LLM’s mathematical knowledge is entirely acquired from its
training data, just like a student taking a closed-book exam,
which may encounter deficiencies in practice (e.g., lack of math
formulas for MWP). This may limit the effectiveness of KNOS
as LLMs serve as the knowledge base in Knowledge System
that guides the overall reasoning. Thus, in this section, we extend
KNOS to EKNOS by considering an open-book scenario, where
we specifically introduce two kinds of external knowledge to
enhance its reasoning ability.

Commonsense Knowledge: As shown in the red line in Fig. 2,
we first consider the utilization of commonsense knowledge,
which can complement both the understanding of the problem
and the derivation of symbols [62], [63], [64]. For instance, the
knowledge between “twice” and “×” is vital to understand the
meaning of calculating the “total games” and help derive “×”.
For this purpose, we construct an external knowledge graph
KG = (V,E) in Knowledge System. Its vertices V consist of
words and operators (e.g., {+,−,×,÷}) in MWP. Its edges E
are composed of two kinds of relations, one is the relationship
among words (denoted as wwi,j between words i and j), and
the other is the relationship between words and operators (woi,c
between word i and operator c). Word-word relationship comes
from HowNet [65] and ConceptNet [66]. Word-operator rela-
tionship comes from the graph published by [67]. To further
ensure rationality and reduce redundancy, we combine these
graphs by only keeping their shared words inV and “RelatedTo”
relation of ConceptNet as wwi,j in E. Given problem P , we
select a subgraph KGP = (VP , EP ) from KG, which takes the
words in P and all operators in V as nodes VP and their edges
in E as EP .

Math Formula Knowledge: In addition to commonsense, math
formulas constitute a fundamental aspect of subject knowledge,
serving as the core for guiding mathematical thinking and logic
in human reasoning [68], [69], [70]. Therefore, we introduce
a set of formulas (denoted as F ) published by [22] as a do-
main knowledge base, which is specifically built for MWP.
Each formula f ∈ F is expressed in natural language (e.g.,
“C2

n = n× (n− 1)÷ 2”).
On this basis, considering that reasoning on different steps

may require different formulas, we design a selector to extract
the most suitable formula ft ∈ F that should be used at each step
t ∈ {1, 2, . . .,m} from F . To be specific, at step t, we calculate
the probability of choosing formula f ∈ F using the reasoning

Fig. 4. Prompt in (12) for GPTs at reasoning step t in EKNOS’ knowledge
invoker. (Red: the knowledge enhancement compared with KNOS’ in Fig. 3).

state st and a representation rf ∈ Rd of f as follows:

attf (i) = softmax(W a1 · tanh(W a2 · [rf ,hi])),

attts(i) = softmax(W b1 · tanh(W b2 · [st,hi])),

ctf =

n∑

i=1

(attf (i) + μ · attts(i)) · hi,

ptret(f) = softmax(W s1 · tanh(W s2 · ctf )), (10)

where W a·,W b·,W s· are newly introduced parameters, rf is
pretrained by [22],μ is a hyper-parameter controlling the prefer-
ence of attention. Then, we adopt f with the highest probability
ptret(f) as ft. To train parameters in (10), we introduce a formula
selection loss Lossr, thus the training loss of EKNOS is:

LossEKNOS = LossKNOS + α2 · Lossf ,
Lossf = −

∑

P

∑

t

∑

f

ζtf · log ptret(f). (11)

α2 is another weighting hyper-parameter. ζtf ∈ {0, 1} is the label
indicating whether step t should select the formula f .

Without loss of generality, in (10), we select the (only one) for-
mula with the highest probability ptret(f). To adapt to scenarios
where multiple distinct formulas are needed, we could modify
the softmax function to independently evaluate the probability of
each formula being selected, enabling our framework to handle
steps requiring multiple formulas without altering the overall
flow.

Knowledge Enhancement: At step t, after obtaining the
commonsense knowledge KGP and formula ft, we convert
them into a textual input for knowledge invoker to elicit more
comprehensive knowledge from the LLM to enhance guiding
the Inference System. Specifically, in order to improve the
extensibility of our framework, for KGP , we focus on the
existence of its edges without refining their specific semantics
(e.g., hypernymy [71], [72]). Therefore, we convert the edge
between any pair of nodes A,B to the text “A-B”. For ex-
ample, for knowledge between “twice” and “×”, we convert
to the text “twice-×”. For formula ft, we leave it unchanged
because it has been stored as a text. On this basis, we ask
the LLM in knowledge invoker to apply these knowledge by
prompts:

Kt ← LLM(Prompt(XP ; Y
t
P ; KGP ; ft)). (12)

Fig. 4 shows the detailed prompt, whose response will ultimately
be used as knowledge Kt for Inference System to reason yt
(please see Appendix 1 for examples), available online.
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TABLE II
STATISTICS OF DATASETS

VI. EXPERIMENTS

To answer Q1 in Section I, we compare the effects of EKNOS
and KNOS in Sections VI-B1, VI-C2, and VI-C5. To answer
Q2, we implement representative LLMs in our frameworks and
explore their reasoning accuracy, efficiency, and interpretability
in Sections VI-B, VI-C1, VI-C3, VI-C4, and VI-C6.2

A. Experimental Setup

1) Dataset Description: Since our core goal is to use LLMs
to simulate the process of human Invoke-Verify-Inject knowledge
at strict mathematical step level, we conduct experiments on two
datasets where the mathematical steps are clear. Math23K [2]
is a widely studied Chinese benchmark that contains 23,162
problems. MAWPS [19] is an English dataset that contains
problems with one or more unknown variables. We select 2,373
problems with only one variable. Table II summarizes their
basic statistics. Besides, since different datasets contain different
words and operators, their corresponding external knowledge
bases (i.e., KG,F ) in EKNOS are also different. Thus, based
on [22], [65], [66], [67], we report their statistics in Table II,
from which we can see that our considered knowledge are very
common and will be verified important for answer reasoning in
Sections VI-B and VI-C.

2) Implementation Details: Our KNOS and EKNOS are gen-
eral frameworks that can be applied to different LLMs. To fully
verify their effectiveness, in Knowledge System, we implement
the knowledge base with GPT3 (text-davinci-002), ChatGPT
(gpt-3.5-turbo-0125), and GPT4 (gpt-4-0125-preview). In In-
ference System, we implement the Backbone Solver as the most
basic model GTS [32] in MWP research. Encoder fθ in (5) is
set as BERT for Math23K and T5 for MAWPS. The dimension
d of word/knowledge representation and reasoning state is set
to 768 and 1,024 for Math23K and MAWPS, respectively. For
hyper-parameters, in (7) and (11), α1, α2 are 0.1, 0.05. In (9),
both β1, β2 are set to 0.5. In (10), μ is set as 0.02 according to
[22]. To train the knowledge verifier in Section IV-B2, we ask
GPT4 to determine whether the meaning ofKt is consistent with
the next symbol in expression YP , setting the ground truth label
δt in (7) to 1 if so, and 0 otherwise. The threshold ε is set as 0.5.
To train the formula selector, we use the labels annotated in [22]
as ζtf in (11). For dataset preprocessing, we follow the public
train/valid/test partition for Math23K. For MAWPS, the models

2Our codes are available at https://github.com/Ljyustc/KNOS.

are evaluated with 5-fold cross-validation. All experiments are
run on a Linux server with four 2.30 GHz Intel Xeon Gold 5218
CPUs and a Tesla A40 GPU.

3) Baselines: We choose 11 representative methods as base-
lines, including state-of-the-art MWP models, GPT3, ChatGPT,
and GPT4:
� DNS [2]: uses a vanilla seq2seq model to translate math

problems into equations directly.
� GTS [32]: adopts a top-down goal decomposition manner

to generate binary expression trees.
� Graph2Tree [29]: strengthens problem understanding with

relationships and order among quantities.
� KA-S2T [73]: uses external commonsense knowledge

graphs to enrich problem comprehension.
� BERT-Tree [74]: utilizes BERT as problem encoder and

derives expressions by the decoder of GTS.
� MWP-BERT [33]: designs numeracy grounded pre-training

objectives for language models.
� LogicSolver [37]: retrieves math formulas as prompts for

problem encoding and post-explanations.
� FOMAS [22]: elaborates three mechanisms that apply math

formulas to guide symbol prediction.
� GPT3 [6]: is a basic LLM with 175 billion parameters

trained on high-quality web crawl data.
� ChatGPT: is one of the most popular LLMs trained with

dialogue data and RLHF technique. We test its performance
in June, 2024.

� GPT4 [7]: is the current SOTA LLM with human-level
performance on many difficult benchmarks. We test its
performance in June, 2024.

To more directly validate our methods, we also introduce 6
current LLM-enhanced methods. All LLM-based baselines are
combined with Self-Consistency [47] to ensure the stability. Due
to the cost of calling the GPT4 API, we only apply these methods
to GPT3 and ChatGPT:
� Standard Prompting (SP) [8]: employs an one-shot “(Prob-

lem, Answer)” example in the prompt.
� Chain-of-Thought (CoT) [9]: asks to generate intermediate

reasoning process step by step.
� Tree-of-Thought (ToT) [44]: performs tree-structured rea-

soning that considers multiple different reasoning paths
and self-evaluation.

� Program-of-Thought (PoT) [75]: generates text and pro-
gramming statements in the solution.

� Program-Aided Language models (PAL) [76]: generates
Python programs as the intermediate steps and uses code
interpreter to derive the answer.

� Knowledge RAG (KnowRAG) [51]: Following the funda-
mental paradigm of RAG, this baseline provides all the
selected knowledge in EKNOS to LLMs. The prompt is
“Given knowledge: KGP , {ft, t = 1, . . .,m}, solve the
following problem: XP ”.

B. Performance on Answer Reasoning

1) Answer Accuracy: Table III shows the answer accuracy of
all methods, and we find several key observations. First, we can
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TABLE III
ANSWER ACCURACY (∗/ ∗ ∗ : P < 0.05/0.001 W.R.T. SOTA MWP BASELINE; †/‡ : P < 0.05/0.001 W.R.T. SOTA LLM)

see that our KNOS and EKNOS outperform all the baselines.
By applying paired t-test, the improvements over the SOTA
MWP model FOMAS and LLMs are statistically significant
with p < 0.001 ∼ 0.05, even when using the advanced GPT4
as the backbone. These results demonstrate the necessity and
effectiveness of utilizing LLMs to simulate the process of human
knowledge application for reliable mathematical reasoning. Sec-
ond, whether implemented with GPT3, ChatGPT, or GPT4, our
frameworks perform better than LLM-enhanced methods, espe-
cially KnowRAG that inputs knowledge as an overall prompt to
LLMs. This not only confirms the generality of our frameworks,
but also directly illustrates that empowering LLMs with step-
by-step application of knowledge is more in line with human
cognitive process and can better elicit LLMs’ reasoning abilities.
Third, combining the observation that EKNOS improves the
accuracy of KNOS and that KnowRAG surpasses the original
LLMs, we conclude that it is necessary to introduce external
knowledge into LLMs, underscoring their inherent limitations in
fully mastering specialized knowledge. Besides, it also validates
the efficacy of our knowledge enhancement.

2) Ablation Study: In this section, we perform ablation study
and report the result of each case in Table IV. Specifically, in
Knowledge System, since knowledge invoker is a necessary
component, we investigate the external knowledge enhancement
of EKNOS and omit the commonsense knowledge graph (de-
noted as “w/o KG”) and formula knowledge (denoted as “w/o

TABLE IV
ABLATION STUDY

Formula”). In Inference System, since knowledge injection is
also a necessary process, we eliminate only the knowledge
verifier (denoted as “w/o Verify”).

First, all components of EKNOS contribute to the knowledge
application of LLMs in carrying out mathematical reasoning,
since removing each of them results in performance degradation.
Second, the removal of knowledge verifier has the greatest
impact on the effect, meaning that ensuring the quality of
knowledge is the basis of correctly applying it by LLMs, while
redundant or faulty knowledge may cause the negative effect.
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Fig. 5. Answer Accuracy with different α1, α2, β1, β2.

Fig. 6. Answer Accuracy over reasoning length.

Third, “w/o Formula” diminishes the effect more greatly than
“w/o KG”, which suggests that the math formula contributes
more to solving MWP. At the same time, this reveals that there is
still room for improvement in the learning of domain knowledge
by the current LLMs.

3) Hyper-Parameter Sensitivity: In our frameworks, α1, α2

in (7) (11) and β1, β2 in (9) play an important role for modeling.
Specifically, α1, α2 balance the training weight of symbol pre-
diction, knowledge verification, and formula selection. β1, β2

control the preference to focus more on the invoked knowledge
or the problem itself in knowledge injection. Therefore, we show
the performances of α1, α2, β1, β2 ∈ {0.01, 0.05, 0.1, 0.5, 1} in
Fig. 5, where we take the basic GPT3 as the LLM in our EKNOS.

First, both the answer accuracies of α1, α2 show a trend of
first rising and then falling. This suggests that it is necessary to
balance the objectives of knowledge verification and injection.
Besides, the peak of performance is attained when α1 = 0.1 and
α2 = 0.05, which again demonstrates that knowledge verifica-
tion plays a more important role in our frameworks. Second,
β1, β2 show a similar trend, also illustrating the need to strike
a precise balance between knowledge and problem text when
injecting knowledge. In particular, they both perform best when
equal to 0.5, indicating that the two are equally important. This
observation validates the necessity and validity of modeling dual
mechanism of human cognition in our knowledge injector.

C. Framework Analysis

1) Performance Over Reasoning Length: Furthermore, we
investigate the performance of our frameworks as the reasoning
length increases. Since we treat a single symbol derivation as a
single reasoning step, the reasoning length is equivalent to the
length of the target expression. Therefore, we report the accuracy
of our EKNOS(GPT3), GPT3 and GPT3-CoT on test samples
with expressions of different lengths in Fig. 6.

Fig. 7. Single-step accuracy ACCstep.

We first observe that generally, the performance of each
method degrades with the increasing reasoning length,
which is reasonable due to increasing difficulty. Second,
our EKNOS(GPT3) improves the performances of GPT3 and
GPT3-CoT over almost all reasoning lengths, which validates
the robustness of our framework under varying problem
complexity. Third, for problems with reasoning length of 5,
our framework brings the highest improvement in accuracy
(73.1%/63.2% on Math23 K/MAWPS). We think this is because
our framework injects the knowledge of LLMs step by step, so
that the advantage is more significant in problems with a larger
number of reasoning steps. For those with length greater than
5, due to the small number of these problems, the occasional
factors have a great impact on the results, which may not be
representative.

2) Effectiveness of Knowledge Enhancement: To deeply ex-
plore the necessity of external knowledge for stimulating LLMs’
reasoning ability, in addition to comparing the overall accuracy
in Section VI-B1, here we investigate from the perspective
of single-step accuracy since we inject knowledge at a step-
wise level. Specifically, we calculate the accuracy (denoted as
ACCstep) of all test problems at steps 1, 3, 5, 7, 9, and steps
over 9, and compare the results of our EKNOS and KNOS
(with GPT3 and ChatGPT as the knowledge base) in Fig. 7.
Notably, even if the model made an error in an earlier step, we
still count the problem in the subsequent steps, which aligns
with similar works [77], [78] that also investigate step-wise
accuracy.

First, we observe that after external knowledge enhancement,
ACCstep is obviously improved for both GPT3 and ChatGPT for
all steps. This directly illustrates the necessity of supplementing
the knowledge for LLMs, especially in a single mathematical
step to enhance their reasoning ability. Second, the effect shows
a higher boost on GPT3. This is probably because GPT3 does
not have as much knowledge as ChatGPT and therefore relies
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Fig. 8. Performances of threshold ε in knowledge verifier.

more on external knowledge bases. Third, in steps larger than 7,
the introduction of external knowledge leads to less reduction in
accuracy. This shows that our developed external knowledge
enhancement can improve the stability of LLMs’ reasoning
ability. The above phenomena prove the necessity and validity
of our proposed EKNOS framework.

3) Analysis of Knowledge Verifier: From the aforementioned
experiments, knowledge verifier plays an important role in our
frameworks, so we first explore the influence of its core threshold
ε. We take ε ∈ {0.3, 0.4, 0.5, 0.6, 0.7, 0.8} and investigate from
two perspectives: 1) answer accuracy (ACCans), 2) verification
performance which we view as a dichotomous task measured
by accuracy (ACCver), precision (Precisionver), and recall
(Recallver). Here, we also adopt GPT3 for basic exploration.

From Fig. 8, under the experimental setup ε = 0.5 (Sec-
tion VI-A2), our EKNOS(GPT3) achieves satisfying results
(e.g., all metrics are around 0.9 on MAWPS) in both answer rea-
soning and knowledge verification. It indicates that our frame-
work can effectively optimize both at the same time. Second,
ACCans and ACCver show an increasing trend when ε in-
creases from 0.3 to 0.5, but decline immediately if ε continues to
increase. On one hand, this verifies that there is a strong positive
correlation between the performances of answer reasoning and
knowledge verification, both of which are sensitive to ε. On
the other hand, the results of ACCans specifically illustrate
that applying excessive incorrect knowledge or missing essential
knowledge is detrimental to mathematical reasoning. Third, the
results of knowledge verification on MAWPS are better than
those on Math23K under all ε, which may be because the current
LLMs’ training data is mainly in English, so it is more sensitive
to problems and knowledge represented in English. Although the
performance on Math23K is slightly lower (but with all metrics
above 0.6), our KNOS(GPT3) still shows a 65.7% improvement
over the original GPT3 in Table III, along with great gains
observed for ChatGPT and GPT4. This phenomenon reflects
that our frameworks are robust enough to adapt to potential
verification deviations. We believe it is mainly due to that in
knowledge injector, we draw insight from the dual mechanisms
of human cognition to design a dual attention mechanism in
(8). This mechanism dynamically adjusts the influence between
verified knowledge and the problem. Additionally, in (9), our
reasoning state s′t is calculated based on an initial state st
without any verified knowledge, which can minimize the impact
of incorrect knowledge as much as possible.

To delve deeper into the performance of knowledge ver-
ifier, we conduct a further analysis of the rest 8.5% er-
rors of KNOS(ChatGPT) on MAWPS and find the following

TABLE V
TWO EXAMPLES FOR ANALYZING THE KNOWLEDGE VERIFIER

observations. 1) For cases where ChatGPT-invoked knowledge
is correct but knowledge verifier considers it incorrect, about
63% are due to that the invoked knowledge is holistic and not
clearly expressed at step level. Take the problem 1 in Table V as
an example. The knowledgeK2 invoked by ChatGPT at step 2 is
overly broad and does not clearly express to reason the number
“4”. Therefore, our knowledge verifier considers the knowledge
to be irrational. 2) For cases where ChatGPT-invoked knowledge
is incorrect but knowledge verifier considers it correct, about
86% are due to that a reasoning step may have multiple correct
outputs. Considering the problem 2, the knowledge K2 gener-
ated by ChatGPT is about inferring the number “9”, which is
actually reasonable. However, the ground-truth label of whether
the LLM-invoked knowledge is correct is determined by GPT4
comparing it with the annotated symbol in target expression
(explained in Section VI-A2). Thus, since the annotated second
symbol is “56”, the ground-truth label of knowledge invoked by
ChatGPT is considered “incorrect”.

Based on these observations, we summarize two potential
directions to explore in the future: 1) How to adjust the gran-
ularity of LLM-invoked knowledge, which can be helpful to
improve the controllability of LLMs, 2) How to make LLMs
master equivalent solutions for a problem, which may be a key
towards authentic mathematical reasoning ability.

4) Cost Efficiency: The key advantage of our frameworks is
using large models to simulate the human knowledge application
at a strict mathematical step level, thereby ensuring the relevance
and high utility of knowledge. However, it may raise concerns
about the need to access the LLM API multiple times and the
real runtime/token consumption when solving a single prob-
lem. To address this issue, we compare our frameworks with
Tree-of-Thought (ToT), which also requires several API calls
to the LLMs. Due to potential instability in API access rates,
tracking accurate runtime can be challenging and may lead to
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TABLE VI
PROMPT OF TREE-OF-THOUGHT (TOT)

Fig. 9. The number of API calls for different methods.

unfair comparisons between methods. Therefore, we investigate
from two perspectives: 1) The length of prompt, which reflects
the extent of reliance on manual prompt engineering, and 2)
The number of API calls required to solve a single problem,
which directly impacts the cost of practical application. The
combination of these indicators can sufficiently reflect real-time
performance including runtime speed and cost, while consider-
ing them separately allows for a deeper analysis of each method’s
performance.

First, the prompt of ToT is composed of three parts: “Initial
Prompt”, “Score Prompt”, and “Vote Prompt”, which as shown
in Table VI, contains 91 prompting words. In comparison, our
prompts for KNOS and EKNOS only contain 15 and 33 words as
shown in Figs. 3 and 4 respectively, which require nearly half the
prompt tokens and are much easier to design and use. Second, we
visualize the average number of API calls required by different
methods in Fig. 9. It is evident that our frameworks require
significantly fewer calls (i.e., 5.6 ∼ 5.8 on Math23K, 3.8 ∼ 3.9
on MAWPS) compared to ToT (9.1 and 7.5 respectively). These
findings suggest that, under the same conditions, our frameworks
can reduce the costs by half. Combined with the comparison
of the accuracy performances in Table III, our frameworks can
ensure accuracy, efficiency, and scalability, simultaneously.

5) Generalization Ability: In previous experiments, we used
Math23 K and MAWPS datasets with explicit mathematical
steps (i.e., expressions) to validate the necessity and effective-
ness of our frameworks in enabling LLMs to utilize knowledge
step by step. To demonstrate that our frameworks are not limited
to these types of data, we test them without any additional
training or fine-tuning on a more challenging MWP dataset,
GSM8K [79], which does not use expressions as output, as the
test set to verify the generalization ability of our methods. For
this validation, we use the SOTA MWP model BERT-Tree [74],
ChatGPT series models, and an advanced open-source LLM
Deepseek-V3 [80] as baselines.

TABLE VII
GENERALIZATION PERFORMANCE ON GSM8K DATASET

From Table VII, we can see that our KNOS enhances the
reasoning capabilities of ChatGPT/Deepseek for 3.3%/1.8% on
this more challenging dataset. This demonstrates the general-
izability of simulating human knowledge application in dual-
process reasoning. In contrast, current small models struggle
to solve the problems in this difficult dataset (answer accuracy
of BERT-Tree is only 0.138). Furthermore, by incorporating
external knowledge, our EKNOS still improves the LLM’s per-
formance for 0.5–0.7%. This indicates that large models may
still lack some of the knowledge required to solve more difficult
mathematical problems. Additionally, it validates the necessity
and superiority of introducing open-book scenario and providing
external knowledge to LLMs step by step.

6) Interpretability Verification: Finally, we conduct case
study in Fig. 10 to illustrate the interpretability of our frame-
works. For each case, we first report the problem sentence and
the solution/expression generated by GPT3, our KNOS(GPT3)
and EKNOS(GPT3). Then, we visualize the invoked knowledge
Kt and verification probability pt of our frameworks at steps
where they essentially correct the mistakes of GPT3 (i.e., t = 1
for cases 1 and 3, t = 3 for case 2). Especially, we also show the
external knowledge (i.e., KGP , ft) for EKNOS(GPT3).

For cases 1 and 2, GPT3 omits division and addition oper-
ations in its continual natural language representation of rea-
soning. In contrast, our frameworks gradually invoke GPT3’s
knowledge about “total_amount” and “scarves, gloves, cloth-
ing”, and thus correctly derive “÷” and “+”. This phenomenon
shows the necessity and superiority of our work to elicit and
apply the knowledge of LLMs at the step level of mathemati-
cal sense (i.e., symbol-by-symbol). For case 3, GPT3 and our
KNOS(GPT3) both miss a division operation. The reason is that
they grasp the formula of the height of the cylinder incorrectly.
Comparatively, our extended EKNOS selects a specific formula
“height = area_cylinder ÷ perimeter_base” in the first step
and correctly deduces all subsequent symbols under its guidance.
This shows the importance of introducing external knowledge,
especially domain formulas, to improve the reasoning ability of
LLMs. In particular, although KNOS invokes false knowledge
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Fig. 10. Case study. We visualize the invoked knowledge Kt and verification probability pt of our KNOS/EKNOS implemented with GPT3 at t = 1 for cases
1 and 3, and t = 3 for case 2. We also show the selected external knowledge ft,KGP for EKNOS.

at t = 1 for case 3, our knowledge verifier can still identify it
correctly (p1 = 0.483), while for correct knowledge in other
cases it gives a passing probability of more than 0.98. These
results demonstrate the effectiveness of our knowledge verifier.

VII. CONCLUSION AND FUTURE WORK

In this paper, we studied how to enhance the mathematical
reasoning capacity of LLMs by leveraging them to simulate
human reasoning process for math word problem. Specifically,
we proposed a novel Knowledge-guided Solver (KNOS) frame-
work that contained Knowledge-Inference Systems inspired by
human cognitive structure and conducted human-like mathe-
matical reasoning through knowledge Invoke-Verify-Inject pro-
cesses. Besides, we extended KNOS to EKNOS by enhancing
LLMs’ reasoning ability with external commonsense and do-
main formulas. Experiments on GPTs verified our frameworks’
improvements in reasoning accuracy, efficiency, generality, and
interpretability. They also validated the necessity of injecting
knowledge into LLMs at the level of strict mathematical steps.

For future study, we first consider incorporate more human
reasoning behaviors into our frameworks, such as planning and
reflection. Second, our frameworks are designed to emulate
human cognition and are highly generalizable (witnessed in
Section VI-C5). We plan to expand them to more advanced
LLMs (e.g., OpenAI o1) and more tasks (e.g., geometric rea-
soning [81]) to explore LLMs’ grasp of more complex domain
knowledge [82], [83], [84]. In this process, although additional
training or fine-tuning may be required, we believe this extra
step is necessary, because many studies have revealed that
relying solely on prompt engineering may be constrained by

LLMs’ built-in capabilities [85], [86]. For example, ToT is more
effective for tasks with specific reasoning structure [87]. In
contrast, to truly build a model with strong capabilities, it is
essential to incorporate corresponding modules to mimic human
cognitive processes [88], [89]. We hope our work could boost
more studies.
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